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Abstract
We develop a new Yang–Mills theory for connections D in a vector bundle E with bundle metric h, over a
Riemannian manifold by dropping the customary assumption Dh = 0. We apply this theory to Einstein–Weyl
geometry (cf. M.F. Atiyah, et al., Self-duality in four-dimensional Riemannian geometry, Proc. Roy. Soc. London
362 (1978) 425–461, and H. Pedersen, et al., Einstein–Weyl deformations and submanifolds, Internat. J. Math.
7 (1996) 705–719) and to affine differential geometry (cf. F. Dillen, et al., Conjugate connections and Radon’s
theorem in affine differential geometry, Monatshefts für Mathematik 109 (1990) 221–235). We show that a Weyl
structure (D,g) on a 4-dimensional manifold is a minimizer of the functional (D,g) → 12
∫
M
‖RD‖2vg if and
only if ∗RD =±RD∗ , where D∗ is conjugate to D. Moreover, we show that the induced connection on an affine
hypersphere M is a Yang–Mills connection if and only if M is a quadratic affine hypersurface.
 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
In the theory of Yang–Mills connections, only the metric connections in a vector bundle have been
treated, so far. The reason may be the difficulty of calculating explicitely the formal adjoint of the
exterior differentiation operator dD related to the connection D, in order to derive the Yang–Mills
equation. However, in theories such as Einstein–Weyl geometry and affine differential geometry several
connections not satisfying, in general, metric conditions, play an essential role. The scope of the present
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paper is to develop a Yang–Mills theory for arbitrary connections, not necessarily satisfying a metric
condition, by using the concept of conjugate connection. Precisely, if D is a connection in the vector
bundle E→M with bundle metric h, then the connection D∗ given by
(1)h(D∗Xs, t)=X
(
h(s, t)
)− h(s,DXt)
is referred to as conjugate to D. Let (M,g) be a closed Riemannian manifold. A Yang–Mills connection
is a critical point of the Yang–Mills functional
(2)YM(D)= 1
2
∫
M
∥∥RD∥∥2vg
on the space CE of connections in E, where RD is the curvature of D ∈ CE . Equivalently, D is a Yang–
Mills connection if it satisfies the Yang–Mills equation
(3)δDRD = 0
(the Euler–Lagrange equations of the variational principle associated with (2)). Then we are able to
express (3) in terms of D∗. Also, when M is 4-dimensional, we may use D∗ to introduce a notion of
(anti)self-duality for arbitrary connections in E. Namely, D ∈ CE is (anti)self-dual if
(4)∗RD =±RD∗ .
This clearly coincides with the ordinary notion of (anti)self-duality when Dh = 0 and leads to the
following remarkable application. To state our result, we need to recall
Theorem 1 (Atiyah, Hitchin and Singer [1]). Let (M,g) be a 4-dimensional closed Riemannian manifold
and ∇ its Levi-Civita connection. The following statements are equivalent:
(i) ∇ is a minimizer of the functional (2), i.e., YM(∇) = 4π2|p1(TM)|, where p1(TM) is the first
Pontrjagin number of the tangent bundle T (M).
(ii) The metric g is Einstein.
(iii) The connection ∇ is (anti)self-dual.
Theorem 2 (Pedersen, Poon and Swan [14]). Let M be a 4-dimensional closed manifold, and (D,g) a
Weyl structure on M , i.e., Dg = ω⊗g for some 1-form ω on M . The following statements are equivalent:
(i) (D,g) is a minimizer of the functional (D,g) → 12
∫
M
‖RD‖2vg .
(ii) (D,g) is Einstein–Weyl and dω = 0.
Note that the statement (iii) in Theorem 1 has no conformal analogue. We are able to fill in this gap by
showing that the statements (i)–(ii) in Theorem 2 are equivalent to
(iii) D is (anti)self-dual,
in the sense of (4). Cf. our Theorem 5.
As to the application of our Yang–Mills theory in affine differential geometry, we may state
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Theorem 3. Let M be a n-dimensional manifold and f :M → Rn+1 a nondegenerate affine immersion.
Let D be the induced connection, h the affine second fundamental form, and S the affine shape operator.
The following statements are equivalent:
(i) D is a Yang–Mills connection with respect to h.
(ii) D∗X(SY )= S(DXY ), for any X,Y ∈X (M).
In particular, if f (M) is an affine hypersphere (i.e., S = cI , for some c ∈ R, c = 0), then D is a Yang–
Mills connection if and only if f (M) is a quadratic affine hypersurface.
2. Conjugate connections
Let E be a vector bundle, with bundle metric h, over an n-dimensional closed Riemannian manifold
(M,g). Let D ∈ CE and ∇ the Levi-Civita connection of (M,g). The pair (D,∇) induces a connection in
ΛpT ∗(M)⊗E, denoted by D, as well. Set Ap(E)= Γ∞(ΛpT ∗(M)⊗E). We consider the differential
operator
dD :A
p(E)→Ap+1(E),
(dDϕ)(X1, . . . ,Xp+1)=
p+1∑
i=1
(−1)i+1(DXiϕ)(X1, . . . , X̂i, . . . ,Xp+1),
ϕ ∈Ap(E), Xi ∈X (M), 1 i  p+ 1.
Let δD be the formal adoint of dD with respect to the L2 inner product
(ϕ,ψ)=
∫
M
〈ϕ,ψ〉vg
for ϕ,ψ ∈Ap(E). Here 〈 , 〉 is the bundle metric in ΛpT ∗(M)⊗E induced by the pair (g, h) and vg is
the canonical volume form on (M,g). The following identity is elementary, yet crucial
(5)δDϕ = (−1)p+1 ∗−1 dD∗ ∗ ϕ = (−1)np+1 ∗ dD∗ ∗ ϕ
for any ϕ ∈ Ap+1(E). Here ∗ :Aq(E)→ An−q(E) (0 q  n) is the Hodge operator with respect to g.
To prove (5) let {e1, . . . , en} be a local orthonormal frame on M and {θ1, . . . , θn} the dual coframe. Given
ψ ∈Ap(E) we set
〈ψ ∧ ∗ϕ〉 =
∑
I,J
h(ψI , ϕJ )θ
I ∧ ∗θJ ,
ψ =
∑
I
ψI θ
I , ϕ =
∑
J
ϕJ θ
J ,
where, for a multi-index I = (i1, . . . , ip), we set θI = θ i1 ∧ · · · ∧ θ ip . Then (by (1))
d〈ψ ∧ ∗ϕ〉 = 〈(dDψ)∧ ∗ϕ〉+ (−1)p〈ψ ∧ ∗( ∗−1 dD∗(∗ϕ))〉
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and integration over M leads to (5), q.e.d. Note that (5) may also be written as
(6)(δDϕ)(X1, . . . ,Xp)=−
n∑
i=1
(D∗ej ϕ)(ej ,X1, . . . ,Xp).
The connections D,D∗ ∈ CE naturally induce connections, denoted by the same symbols, in End(E).
Also the bundle metric h on E extends to a bundle metric, denoted by h as well, in End(E). Then a
straightforward argument shows that D,D∗ ∈ CEnd(E) are conjugate connections. Set D̂ = 12 (D +D∗).
Then D̂h= 0. The following curvature properties are immediate (cf. also Proposition 2.1 in [9], pp. 225–
226)
(7)h(RD(X,Y )s, t)=−h(s,RD∗(X,Y )t), ∥∥RD∥∥= ∥∥RD∗∥∥,
(8)R̂D = 1
4
{
RD +RD∗ +AD +AD∗},
(9)h(AD(X,Y )s, t)=−h(s,AD∗(X,Y )t), ∥∥AD∥∥= ∥∥AD∗∥∥
for any s, t ∈ Γ∞(E) and X,Y ∈X (M). Here AD is given by
AD(X,Y )s =D∗XDY s −DYD∗Xs −D[X,Y ]s.
Moreover, let D ∈ CT (M) be torsion-free and assume (D,g) to be a Weyl structure, with respect to the
1-form ω. Let D∗ ∈ CT (M) be conjugate to D. Then
(10)D∗g =−Dg, D∗ =D+ ω⊗ I,
(11)g(RD(X,Y )Z,W)=−g(Z,RD∗(X,Y )W),
(12)RD∗(X,Y )Z=RD(X,Y )Z+ (dω)(X,Y )Z,
(13)RicD∗ = RicD+dω, Sym RicD∗ = Sym RicD.
Here RicD(X,Y )= trace{Z → RD(Z,X)Y } and Sym RicD is the symmetric part of RicD . Recall that
a Weyl structure (D,g) is Einstein–Weyl if Sym RicD = Λg for some Λ ∈ C∞(M). As an immediate
consequence of (10)–(13), given a torsion-free linear connection D on (M,g), (D,g) is Einstein–Weyl
with respect to (ω,Λ) if and only if (D∗, g) is Einstein–Weyl with respect to (−ω,Λ). Note that D∗ is
not torsion-free, in general (otherwise ω = 0 hence D = D∗ is the Levi-Civita connection of (M,g)).
Also D̂g = 0, yet D̂ may have torsion. We end this section by establishing the following
Theorem 4. Let (M,g) be a n-dimensional (n  2) closed Riemannian manifold and D ∈ CT (M) a
projectively flat linear connection. Then the following statements are equivalent:
(i) D is a Yang–Mills connection.
(ii) RicD is parallel with respect to D∗.
Proof. It follows from (6). Indeed, if D is projectively flat, i.e.,
RD(X,Y )Z= 1
n− 1
{
RicD(Y,Z)X−RicD(X,Z)Y }
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then D is Yang–Mills if and only if
n∑
i=1
{(
D∗ei Ric
D
)
(X,Z)ei
}= n∑
i=1
(
D∗ei Ric
D
)
(ei,Z)X.
Set X =∑nj=1 g(ej ,X)ej in the right-hand side. We obtain
(14)(D∗ei RicD )(X,Z)= n∑
j=1
(
D∗ej Ric
D
)
(ej ,Z)g(ei,X).
Next, set X = ei and sum over i so that to get (n− 1)∑ni=1(D∗ei RicD)(ei,Z)= 0, for any Z ∈ X (M).
Then (14) yields D∗ RicD = 0. ✷
3. Weyl structures
Let (M,g) be a closed 4-dimensional Riemannian manifold, and E a vector bundle over M , with
bundle metric h. Any ϕ ∈A2(E) may be written uniquely as ϕ = ϕ+ + ϕ− where ϕ± = 12(ϕ ± ∗ϕ), and
∗ϕ± =±ϕ±. Let D ∈ CE and D̂ = 12(D+D∗). The Pontrjagin number of E is given by
p1(E)= 14π2
∫
M
〈
RD̂ ∧RD̂〉
and
(15)4π2∣∣p1(E)∣∣ YM(D̂)
with equality if and only if RD̂ is self-dual or anti-self-dual (cf. Bourguignon and Lawson [4, p. 203]).
If D is (anti)self-dual in the sense of (4) then D is readily a Yang–Mills connection as (by (5) and the
second Bianchi identity for D∗)
δDR
D = ∗−1dD∗ ∗RD =± ∗−1 dD∗RD∗ = 0.
If this is the case, D∗ is a Yang–Mills connection, as well. We may state
Theorem 5. Let (M,g) be a closed 4-dimensional Riemannian manifold and D ∈ CT (M) a torsion-free
linear connection. Assume (D,g) is a Weyl structure, with respect to ω. Then the following statements
are equivalent:
(i) YM(D)= 4π2|p1(TM)|.
(ii) YM(D̂)= 4π2|p1(TM)| and dω = 0.
(iii) ∗RD =±RD∗ .
(iv) D̂ is (anti)self-dual and dω = 0.
To prove Theorem 5 we need
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Lemma 1. Let D be a torsion-free linear connection on a 4-dimensional Riemannian manifold (M,g),
so that (D,g) is a Weyl structure, with respect to ω. Then the following statements are equivalent
(a) ∗RD =±RD∗ .
(b) ∗RD̂ =±RD̂ and ∗dω± dω = 0.
(c) ∗RD̂ =±RD̂ and dω = 0.
Proof. To prove (b)⇔ (c) note that if η = dω and ∗η = ±η then η = 0 (indeed δη = ± ∗ d ∗ η =
± ∗ dη= 0 hence |η|2 = (η, dω)= (δη,ω)= 0).
By (10) D̂ =D + 12ω⊗ I hence (by (12))
(16)RD̂ =RD + 1
2
(dω)⊗ I = 1
2
(
RD +RD∗).
Assume (a). Then ∗RD̂ =±RD̂ because of ∗2 = I . Moreover
±RD = ∗RD∗ = ∗(RD + (dω)⊗ I )=±RD∗ + (∗dω)⊗ I =±RD ± (dω)⊗ I + (∗dω)⊗ I
hence ∗dω± dω = 0. Viceversa, assume (b). Then
∗(RD∗ −RD)= (∗dω)⊗ I =∓(dω)⊗ I =∓(RD∗ −RD)
hence (by (b) and (16))
2 ∗RD =±(RD +RD̂)± (RD∗ −RD)=±2RD∗
and Lemma 1 is proved. ✷
Let us go back to the proof of Theorem 5. Assume (i). Then (by (16) and (7))∥∥RD̂∥∥2 = 1
4
(∥∥RD∥∥2 + 2〈RD,RD∗〉+ ∥∥RD∗∥∥2) ∥∥RD∥∥2.
Thus
YM(D̂) YM(D)= 4π2∣∣p1(TM)∣∣,
where from (by (15)) YM(D̂) = 4π2|p1(TM)|. Also dω = 0 by Theorem 2. Viceversa, assume (ii).
Then (again by (16)) YM(D) = YM(D̂) = 4π2|p1(TM)|. Finally (ii)⇔ (iv) follows from (15) and
(iii)⇔ (iv) from Lemma 1.
4. Harmonic curvature and submanifolds
A Riemannian manifold (M,g) has harmonic curvature (cf. [2,3]) if δ∇R∇ = 0, i.e., the Levi-Civita
connection of (M,g) is a Yang–Mills connection. Examples abound (cf., e.g., [6–8] and [10,11]).
We characterize the manifolds of harmonic curvature in terms of the second fundamental form of an
isometric immersion in a Euclidean space Rn+p (such an immersion always exists, by the Nash theorem).
A classification of hypersurfaces of harmonic curvature is available in [11,13,16].
Let Aξ and α be respectively the Weingarten operator (associated with the normal section ξ ) and the
second fundamental form (of the given immersion) and define ω ∈A2(End(TM)) by
ω(X,Y )Z=Aα(Y,Z)X−Aα(X,Z)Y
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for any X,Y,Z ∈X (M). Then the Gauss equation (cf., e.g., (2.6) in [5], p. 45) may be written as R∇ = ω.
Consequently ∇ is a Yang–Mills connection if and only if δ∇ω = 0 (in particular, if this is the case then
-∇ω = 0, where -∇ = d∇δ∇ + δ∇d∇ is the generalized Hodge–de Rham Laplacian, i.e., ω is harmonic).
For two 1-forms ϕ,ψ on M we set
[ϕ ∧ψ](X,Y )= ϕ(X)∧ψ(Y )− ϕ(Y )∧ψ(X).
Let {ξ1, . . . , ξp} be a (local) orthonormal frame in the normal bundle (of the given immersion) and set
B =
p∑
α=1
[Aα ∧Aα],
where Aα = Aξα . Then B is globally defined. Note that d∇B = 0, as a consequence of the Codazzi
equation (cf., e.g., (2.7) in [5], p. 46). Indeed
d∇B = 2
p∑
α=1
[
(d∇Aα)∧Aα
]
,
g
(
(d∇Aα)(X,Y ),Z
)= g((∇XAα)Y − (∇YAα)X,Z)= (∇Xhα)(Y,Z)− (∇Yhα)(X,Z)= 0,
where hα(X,Y )= g(AαX,Y ). We may state the following
Theorem 6. Let M → Rn+p be an isometric immersion of the n-dimensional Riemannian manifold
(M,g). The following statements are equivalent:
(i) (M,g) has harmonic curvature.
(ii) δ∇ω= 0.
(iii) δ∇B = 0.
In particular, if (M,g) has harmonic curvature then B is harmonic. We only need to prove (i)⇔ (iii).
By the Gauss equation
g
(
(δ∇R∇)(X,Z),W
)= n∑
j=1
p∑
α=1
{
g
(
(∇ejAα)ej ,Z
)
g(AαX,W)− g
(
(∇ejAα)X,Z
)
g(Aαej ,W)
+ g(Aαej ,Z)g
(
(∇ejAα)X,W
)− g(AαX,Z)g((∇ejAα)ej ,W)}
= 2
n∑
j=1
p∑
α=1
g
((
(∇ejAα)ej
)∧AαX− ((∇ejAα)X)∧Aαej ,Z⊗W)
= 2
n∑
j=1
p∑
α=1
g
([
(∇ejAα)∧Aα
]
(ej ,X),Z⊗W
)=−2g((δ∇B)X,Z⊗W).
Next we demonstrate an application of our Yang–Mills theory concerning affine immersions in the
Euclidean space. For simplicity, we only consider the case of affine hypersurfaces.
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Let f :M → Rn+1 be an immersion of the n-dimensional manifold M into Rn+1. Let ξ be a vector
field along M , transverse to T (M), i.e.,
(17)Tf (x)(Rn+1)= (dxf )Tx(M)⊕Rξx.
Let D0 be the canonical connection of Rn+1. Corresponding to (17) we have decompositions
D0f∗Xf∗Y = f∗DXY + h(X,Y )ξ,
D0f∗Xξ =−f∗SX+ τ(X)ξ
for any X,Y ∈ X (M). Here D,h,S and τ are the induced (torsion-free) connection, the affine second
fundamental form, the affine shape operator, and a 1-form on M . Then f is nondegenerate if h is
nondegenerate. We recall that, given a nondegenerate affine hypersurface in Rn+1, n 2, one may choose
ξ so that D,h and S satisfy the following seven conditions:
(1) RD(X,Y )Z= h(Y,Z)SX− h(X,Z)SY (Gauss equation),
(2) (DXh)(Y,Z)= (DYh)(X,Z) (Codazzi equation for h),
(3) (DXS)Y = (DYS)X (Codazzi equation for S),
(4) h(SX,Y )= h(X,SY ) (Ricci equation),
(5) τ = 0 (equiaffine condition),
(6) v = vh (volume condition),
(7) Dvh = 0 (apolarity condition).
Cf. Nomizu and Sasaki [12]. Here v is the volume form on M induced by f, ξ and the canonical volume
form on Rn+1. Also vh is the volume form on M associated with h. Again by a result in [12], the apolarity
condition is equivalent to
(7′) traceh(DXh)= 0, for any X ∈X (M).
The trace in (7′) is given by traceh(DXh) =∑nj=1 εj (DXh)(ej , ej ). Here {ej } is h-orthonormal, i.e.,
h(ej , ej )= εj and ε2j = 1. With this choice of ξ it is immediate that
(18)
{
(DXh)(Y,Z)= h(Y,D∗XZ −DXZ),
(D∗Xh)(Y,Z)= h(DXY −D∗XY,Z),
(19)(D∗Xh)(Y,Z)= (D∗Yh)(X,Z),
(20)h((DXS)Y,Z)= h(Y, (D∗XS)Z).
Let ω ∈A2(End(TM)) be given by
ω(X,Y )Z= h(Y,Z)SX− h(X,Z)SY.
Then D is a Yang–Mills connection if and only if δDω= 0. We need the following
Lemma 2. Let f :M →Rn+1 be a nondegenerate affine immersion of an n-dimensional manifold M . Let
h and S be the affine second fundamental form and affine shape operator. The following statements are
equivalent:
S. Dragomir et al. / Differential Geometry and its Applications 18 (2003) 229–238 237
(a) D is a Yang–Mills connection with respect to h.
(b) h and S satisfy
n∑
j=1
εj
{
(D∗ej h)(ej ,Z)SX− (D∗ej h)(X,Z)Sej + h(ej ,Z)(D∗ej S)X− h(X,Z)(D∗ej S)ej
}= 0
for any X,Z ∈X (M).
Here D∗ is conjugate to D (the induced connection) with respect to h and εj = h(ej , ej ) = ±1.
Lemma 2 follows the affine Gauss equation and (6). At this point we may prove Theorem 3. Setting
Z =X = ek in Lemma 2 we obtain
n∑
j=1
εjεk(D
∗
ej
h)(ej , ek)Sek −
n∑
j=1
εjεk(D
∗
ej
h)(ek, ek)Sej + εk(D∗ekS)ek −
n∑
j=1
εj (D
∗
ej
S)ej = 0
or, summing over k
n∑
j,k=1
εj εk
{
(D∗ej h)(ej , ek)Sek − (D∗ej h)(ek, ek)Sej
}+ (1− n) n∑
k=1
εk(D
∗
ek
S)ek = 0.
By (19) this becomes
(1− n)
n∑
k=1
εk(D
∗
ek
S)ek = 0
hence (as n 2) traceh(D∗S)= 0. Next, again by (19) and the apolarity condition (7′)
n∑
j=1
εj (D
∗
ej
h)(ej ,Z)=
n∑
j=1
εj (D
∗
Zh)(ej , ej )= 0
hence the identity in Lemma 2 becomes
(D∗ZS)X = S
(
n∑
j=1
εj (D
∗
ej
h)(X,Z)ej
)
.
Yet (by (18) and (19))
n∑
j=1
εj (D
∗
ej
h)(X,Z)ej =
n∑
j=1
εj (D
∗
Zh)(X, ej)ej =
n∑
j=1
εjh(DZX−D∗ZX, ej )ej =DZX−D∗ZX
hence the equivalence (i)⇔ (ii). Note that, if one of the statements (i)–(ii) holds then traceh(D∗S)= 0,
as a consequence of (18) and the apolarity condition. To end the proof of Theorem 3, assume that S = cI
for some c ∈ R \ {0}. As D∗S = 0, Theorem 3 yields D =D∗. Then f is nondegenerate and equiaffine,
hence (by a result in [15]) f (M) is a quadratic affine hypersurface in Rn+1.
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